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We find that any tree amplitude for single-photon emission can 

be written in a general canonical form which vanishes identically in 

certain kinematical zones provided that the electromagnetic coup- 

lings and any other derivative couplings are as prescribed by gauge 

theory. The location of these null zones depends only on the charge 

and momentum of the external legs. We give a classical picture for 

their occurrence based on radiation interference that is a generali- 

zation of the well-known absence of dipole radiation for nonrelati- 

vistic collisions involving particles with the same charge-to-mass 

ratio and g-factor. 
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The most striking feature'>' of the differential cross section 

predicted by gauge theory for the annihilation of quarks into a weak 

boson plus a photon, 

u+a+w++y, (1) 

is the fact that the lowest-order amplit"de3*4 vanishes identically 

and spin-independently at a specific scattering angle. For massless 

quarks, the angle is given by2 cm cosBy~" = - 1 - 2Q 
d 

= - l/3, 

independent of energy. Although the experiments are diffic"lt,5 the 

possibility of the empirical confirmation of a sharp minimum at this 

angle is important since it provides a check on the magnetic moment 

of the W and quarks as predicted by renormalizable gauge theories as 

well as a direct measure of fractional quark charge by real photons. 

In this letter we will discuss the physical origin of such 

"gauge zeros** and the general conditions necessary for the occur- 

rence of "radiation null zones~ in photon production processes, as 

well as a new canonical form for the amplitude. The vanishing of 

the Born amplitude for (1) is of course not due to any conventional 

selection rule or conservation law. In essence the zero is due to 

the complete destructive interference of the classical radiation 

patterns of the incoming and outgoing charged lines. The null zone 

conditions are the generalization of the well-known nonrelativistic 

result where electric dipole radiation vanishes in collisions of 

particles with the same charge-to-mass ratio and where magnetic 

dipole radiation vanishes for such collisions if in addition their 

g-factors are identical. 
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We have found that the electromagnetic couplings of particles 

specified by gauge theory guarantee that null zones exist for a very 

general class of tree graphs and are completely prescribed by the 

classical currents of the external lines, independent of spin. More 

fundamentally, this result is due to the close connection between 

the electromagnetic gauge couplings and a Lorentz transformation of 

the particles' spin. The same connection is responsible for g = 2, 

i.e. the identity of the orbital and spin precession frequencies of 

a charged particle in a uniform field if its couplings are given by 

gauge theory tree graphs.6 In each case, the null zones and the 

value g = 2 are destroyed by quantum corrections from loop graphs. 

The above result can be stated as a theorem. Consider single 

photon emission (four-momentum q) by an n-external-particle system 

(momenta pi, charges Qi, masses mi, and spin < 1) with the internal 

particles unspecified. The photon couplings to the particles are to 

be those of gauge theory. The interactions of the particles among 

themselves can involve any number of fields with constant or single 

derivative couplings, and the derivative couplings must be of gauge 

theory form. (This includes all of the renormalizable theories of 

interest as well as an infinite class of nonrenormalizable 

theories.) Then any set of tree graphs, defined by photon emission 

in all possible ways, vanishes if the quantities Qi/pi* q are the 

same for all particles. We may write this condition as n-2 

equations 

Qi 0, 
- = - , i = 2, 3, . . . . n-l 
Pi'q P '4 

1 

(2) 
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arbitrarily choosing i = 1 as a standard and i = n as the ratio that 

is determined by the rest through charge and momentum conservation 

(or by gauge choice). The system may be termed "on-the-charge-cone" 

if Eq. (2) is satisfied, since the denominators are essentially 

light-cone energies.7 The kinematic null zone is determined by Eq. 

(2) and momentum conservation. 

It is straightforward to check8 that Eq. (2) leads to the 

cancellation of the radiation due to the convection or classical 

currents9 of the relativistic external lines. What is remarkable is 

that the same cancellation goes through when the spin and contact 

(seagull) currents are added and when internal line radiation is 

included. We shall return to an outline of the proo,E of the theorem 

after a few remarks. 

The null zone defined by Eq. (2) will always lie in the physi- 

cal domain for a given scattering or decay transition if all of the 

incoming and outgoing charges are of the same sign" and if n-l 

masses are neglected. If we consider "turning on- the masses to 

some arbitrary set of sufficiently large values, the zone may move 

out of the physical region. The constraint for n = 2 is precisely 

the gauge zero discussed previously for scattering'+ and decay" of 

weak bosons. Through the generality of the theorem we discover 

previously unnoticed zeros in ancient radiative processes such as 

e- + e- + e- + e- + y (3) 

where the zero occurs for the photon at right angles to the beams in 

the c.m. and for the Final electrons at equal energies. It is a 
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two-dimensional zone consisting of the common electron energy and a 

final electron azimuth relative to the photon axis. 

Irrespective of whether or not the charge cone condition (2) 

can be satisfied in the physical region for a given set of charges 

and masses, the theorem implies that there is an (n-2)-dimensional 

first-order zero. The tree amplitudes described can be shown' to 

reduce to a new canonical (factored) form. For no internal-line 

emission it is 

ME x Pi.4 (G-s) Ji' '9 

j ji Ji--2--. 
p;q Pi-q 

(4) 

The quantity ji is the product of the current for the emission of 

the photon by the ith leg, discussed below, and the rest of the ma- 

trix element. Internal currents modify Ji in a well-defined 

manner. 8 At n = 3, the four-body factorization discussed in Ref. 3 

is reproduced, but with an interesting variant in form. The gener- 

alized factorization displayed applies to any complete set of photon - 

emission helicity amplitudes, including seagulls, if necessary, and 

thus can simplify calculations. 

The proof of the theorem rests on the relationship between a 

Iorentz transformation and the external and internal photon coup- 

lings. Let us first define the currents for tree diagrams. For 

photon emission by an external leg with charge 0 flowing along 
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momentum p, the electromagnetic current factors Qj.E/p*q in the 

general Feynman amplitude are 

outgoing & x [P-E + spin current + contact current]... 

(5a) 

incoming . ..[- p*E - spin current Q - contact current]): - 
p-9 

(5b) 

for particle wave function x and photon polarization E. The 

~'contact" current arises from both the momentum change (due to 

photon emission) in and the gauging (seagull) of any derivative 

coupling for the external leg. As examples, x = 11; u(p); E,(P)), 

ii = {l; i(p); c:(p)>, and the spin i Ba current is IO; '4 0 fJ&; - WBcr} 

for a {scalar; Dirac; vector} particle, respectively, where 

w 
PV = qUE" - Euq". (6) 

If there is a derivative coupling aa, the contact current is 

always - w 
Ba' 

Any internal line emission factor involving propa- 

gators D can be rewritten quite generally as 

Q [D(p - q)(p'E + spin + contact) 
P'4 

- (p.~ + spin + contact)D(p)] 

(7) 

where the indices have again been suppressed. A simple (scalar) 

example of this is 

(P-qL2 
Q(Zp-q).c -!L= L [ 

p2-m2 

(8) 
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If the external legs are on-the-charge-cone [Eq. (211, then so 

too are the internal legs (Q/p*q = Q,/p,'q). The theorem then 

follows if the currents [square brackets of Eqs. (5) and (711 cancel 

throughout the graph. (Closed loop internal legs do not follow the 

external legs on-cone.) The convection currents clearly cancel by 

momentum conservation plus transversality (q-E = 0). An elegant 

way to see the remaining currents vanish is through Lorentz 

invariance: The spin terms are the first-order wave function 

corrections for the Lorentz transformation iz = g +W,,< The 
uv !Jv 

contact terms are also the same first-order Lorentz transformation 

of any derivative coupling in momentum space. Therefore Lorent 

invariant tree graphs for photon emission with the prescribed coup- 

lings vanish on-the-charge-cone. 

It is well known that gauge theory couplings can be derived" 

by assuming a constraint on the high-energy behavior of tree graph 

amplitudes consistent with unitarity. By turning our argument on 

its head, electromagnetic gauge theory couplings can be derived by 

the constraint that the canonical form (4) is maintained in tree 

graph approximation for nonzero spin. Indeed, g # 2 destroys the 

spin current cancellation by adding terms that are no longer a 

universal Lorentz transformation of the field. Although we have not 

investigated systems with spin > 1 it is possible to build a spin-J 

system out of a composite of 25 spin - l/2 collinear fermions.13 It 

is interesting to note that in the tree graph approximation gauge 

couplings and identical $/pi-q for collinear constituents translate 



-8- 

into an effective gauge coupling for the spin-J composite which 

preserves the null zone. 

What experimental tests can be proposed? The originall 

reaction (1) is part of the plans5.14 for future pF+WyX experi- 

ments at CERN and Fermilab. Although the actual external legs are 

integrally charged hadrons with anomalous moments, the high trans- 

verse momentum recoil photon couples in leading twist only to the u, 

d, and W+; diagrams involving radiation from spectators, etc., are 

suppressed by powers of m2/M$ where m is the hadronic mass scale. 

In addition there are quantum corrections from OCD loop diagrams 

that are of order as($)/ 71 by the standard renormalization group 

analysis. To this accuracy, the quark and boson charges and mag- 

netic moments can be probed. With the discovery of more general 

null zones, reactions such as hard quark scattering, q+q + q+q+y, 

or r radiative decays may give a measure of heavy quark and lepton 

magnetic moments. 

Other massless gauge bosons are known3v4 to give rise to four- 

body gauge zeros and the theorem presented here may be adapted for 

the determination of canonical form and possible null zones in the 

general gauge group case. The "charges" involve the representations 

of the particles and the amplitude needs to be invariant under the 

transformations of the internal symmetry group. Unfortunately, 

color and the zones are washed away by the necessary averagingjsum- 

ming that goes on when the quark and gluon reactions are converted 

from and to hadron singlets. An interesting and open question is 
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the extension of the canonical form (4) to graviton radiation and 

even to supersymmetry. 

Local gauge theory exposes an intimate relationship between 

internal symmetry and space-time. Null zones, including the ancient 

dipole result show another face of this relationship, leading to 

more equations involving the internal variables (e.g. charge) and 

space-time (e.g. masses and angles). Many more details of these 

equations are to be reported elsewhere.' 

RWB is grateful for the hospitality of the theory group at 

Fermilab and for the support of the National Science Foundation. 
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